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1. Introduction. 

The theory of Lax and PhiUips^ (1967), originally developed for the description of reso- 
nances in electromagnetic or acoustic scattering phenomena, has been used as a framework 
for the construction of a description of irreversible resonant phenomena in the quantum 
theory^"^ (which we will refer to as the quantum Lax-Phillips theory). This leads to a time 
evolution of resonant states which is of semigroup type, i.e., essentially exponential decay. 
Semigroup evolution is necessarily a property of irreversible processes^. It appears experi- 
mentally that elementary particle decay, to a high degree of accuracy, follows a semigroup 
law, and hence such processes seem to be irreversible. 

The theory of Weisskopf and Wigner^, which is based on the definition of the survival 
amplitude of the initial state (f) (associated with the unstable system) as the scalar product 
of that state with the unitarily evolved state, 

(<^,e-^^V) (1.1) 

cannot have exact exponential behavior^ . One can easily generalize this construction to the 
problem of more than one resonance^' If P is the projection operator into the subspace 
of initial states (A'"-dimensional for N resonances), the reduced evolution operator is given 

by 

Pe-'^^P. (1.1') 

Since the Laplace transform of this operator has a cut and not just poles, this operator 
cannot be an element of an exact semigroup.^ 

Experiments on the decay of the neutral iC-meson system^ ^ show clearly that the 
phenomenological description of Lee, Oehme and Yang^^, and Wu and Yang^^, by means 
of a 2 X 2 eff'ective Hamiltonian which corresponds to an exact semigroup evolution of the 
unstable system, provides a very accurate description of the data. Is can be proved that 
the Wigner- Weisskopf theory cannot provide a semigroup evolution law^ and, thus, the 
effective 2x2 Hamiltonian cannot emerge in the framework of this theory. Furthermore, it 
has been shown, using estimates based on the quantum mechanical Lee-Friedrichs model^'^, 
that the experimental results appear to rule out the application of the Wigner- Weisskopf 
theory to the decay of the neutral i^-meson system. While the exponential decay law can be 
exhibited explicitly in terms of a Gel'fand triple^^ (rigged Hilbert space), the representation 
of the resonant state in this framework is in a space which does not coincide with the 
quantum mechanical Hilbert space, and does not have the properties of a Hilbert space, 
such as scalar products and the possibility of calculating physical properties associated 
with expectation values. 

The seminal work of Lax and Phillips^ has provided us with the basic ideas neces- 
sary for the construction of a fundamental theoretical description, in the framework of 
the quantum theory^"^, of a resonant system which has exact semigroup evolution, and 
represents the resonance as a state in a Hilbert space. In the following, we describe briefly 
the structure of this theory, a rather straightforward generalization of standard quantum 
scattering theory, and give some physical interpretation for the states of the Lax-Phillips 
Hilbert space. 

The Lax-Phillips theory is defined in a Hilbert space H of states which contains 
two distinguished subspaces, D±, called "outgoing" and "incoming". There is a unitary 
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evolution law which we denote by U{t), for which these subspaces are invariant in the 
following sense: 

U{r)D+ C D+ r > 
U{t)D_ cD_ t < 

The translates of D± under U{t) are dense, i.e., 



(1.2) 



\Ju{t)D± = H (1.3) 



and the asymptotic property 



f|C/(T)L>± = (1.4) 

T 

is assumed. It follows from these properties that 

Z{t) = P+U{t)P-, (1.5) 

where P± are projections into the subspaces orthogonal to D±, is a strongly contractive 
semigroup^, i.e., 

Z(ri)Z(T2) = Z(Ti+T2) (1.6) 

for Ti, T2 positive, and ||Z'(r)|| — for r — 0. It follows from (1.2) that Z{t) takes the 
subspace /C, the orthogonal complement of D± in H (associated with the resonances in 
the Lax-Phillips theory), into itself ie., 

Z(t) = PkU{t)Pk,. (1.7) 

The relation (1.7) is of the same structure as (1.1'); there is, as we shall see in the following, 
an essential difference in the way that the subspaces associated with resonances are defined. 
The argument that (1.1') cannot form a semigroup is not valid^ for (1.7); the generator of 
U{t) restricted to K, is not self-adjoint. 

A Hilbert space with the properties that there are distinguished subspaces satisfying, 
with a given law of evolution ?7(r), the properties (1.2), (1.3), (1.4) has a foliation^^ into 
a one-parameter (which we shall denote as s) family of isomorphic Hilbert spaces, which 
are called auxiliary Hilbert spaces, {i?s} for which 



H= I Hs 

J® 



(1.8) 



Representing these spaces in terms of square-integrable functions, we define the norm in 
the direct integral space as 

/•CO 

dsWfsfn. (1.9) 

where f E H represents a vector in the function space H = L^(— oo, oo, //"); fs is an 
element of H, the function space (the auxiliary space) cooresponding to Hg for any s 
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[we shall not add in what follows a subscript to the norm or scalar product symbols for 
scalar products of elements of the auxiliary Hilbert space associated to a point s on the 
foliation axis since these spaces are all iso morphic]. 

There are representations for which the action of the full evolution group U{t) on 
L^(— oo, oo; iy) is translation by r units. Given D± there is such a representation, called 
the incoming representation^ , for which the set of all functions in D- have support in 
(—00,0) and constitute the subspace L^(— oo,0;i7) of L^(— 00, 00; if); there is another 
representation, called the outgoing representation, for which functions in have support 
in (0, 00) and constitute the subspace L^(0, 00; H) of L^(— 00, oo\ H). The fact that Z{t) 
in Eq. (1.7) is a semigroup is a consequence of the definition of the subspaces D± in terms 
of support properties on intervals along the foliation axis in the outgoing and incoming 
translation representations respectively. The non-self-adjoint character of the generator of 
the semigroup Z{t) is a consequence of this structure.^ 

Lax and Phillips^ show that there are unitary operators W±, called wave operators, 
which map elements in H to these representations. They define an S'-matrix, 

S = W+WZ^ (1.10) 

which connects the incoming to the outgoing representations; it is unitary, commutes with 
translations, and maps L^(— oo,0;if) into itself. Since S commutes with translations, it 
is diagonal in Fourier (spectral) representation. As pointed out by Lax and Phillips^, 
according to a special case of a theorem of Foures and Segal^^, an operator with these 
properties can be represented as a multiplicative operator-valued function S{a) which 
maps H into itself, and satisfies the following conditions: 

(a) S{a) is the boundary value of an 

operator— valued function S{z) analytic for Imz > 0. 
(6) ||5'(z)|| < 1 for all z with Imz > 0. 
(c) S{a) is unitary for almost all real a. 

An operator with these properties is known as an inner function^ ^; such operators arise 
in the study of shift invariant subspaces, the essential mathematical content of the Lax- 
Phillips theory. The singularities of this (S-matrix, in what is called spectral representation 
(defined in terms of the Fourier transform on the foliation variable s), correspond to the 
spectrum of the generator of the semigroup characterizing the evolution of the unstable 
system. 

In the framework of quantum theory, one may identify the Hilbert space H with 
a space of physical states, and the variable r with the laboratory time (the semigroup 
evolution is observed in the laboratory according to this time) . The representation of this 
space in terms of the foliated space H provides a natural probabilistic interpretation for 
the auxiliary spaces associated with each value of the foliation variable s, i.e., the quantity 
corresponds to the probability density for the system to be found in the neighborhood 
of s. For example, consider an operator A defined on H which acts pointwise, i.e., contains 
no shift along the foliation. Such an operator can be represented as a direct integral 

A= f As. (1.11) 

J® 
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It produces a map of the auxiliary space H into H for each value of s, and thus, if it is 

self-adjoint, As may act as an observable in a quantum theory associated to the point s^; 
The expectation value of As in a state in this Hilbert space defined by the vector ipg, the 
component of •0 G in the auxiliary space at s, is 

(A.). ^ (1.12) 

. Taking into account the a priori probability density HV'slP that the system is found at 
this point on the foliation axis, we see that the expectation value of ^ in is 

(A) = j ds{As)sUs\\^ = j dsiiPs^AM, (1.13) 

the direct integral representation of {ijj, AiIj). 

As we have remarked above, in the translation representations for U (r) the foliation 
variable s is shifted (this shift, for sufficiently large |t|, induces the transition of the state 
into the subspaces D±). It follows that s may be identified as an intrinsic time associated 
with the evolution of the state; since it is a variable of the measure space of the Hilbert 
space H, this quantity itself has the meaning of a quantum variable. 

We are presented here with the notion of a virtual history. To understand this idea, 
suppose that at a given time tq, the function which represents the state has some distri- 
bution IIV'I"!!^- This distribution provides an a priori probability that the system would 
be found at time s (greater or less than tq), if the experiment were to be performed at 
time s corresponding to r = s on the laboratory clock. The state of the system therefore 
contains information on the structure of the history of the system as it is inferred at tq. 

We shall assume the existence of a unitary evolution on the Hilbert space H, and that 

for 

U{t) = e-'^\ (1.14) 
the generator K can be decomposed as 

K^Kq + V (1.15) 

in terms of an unperturbed operator Kq with spectrum (—00,00) and a perturbation V, 
under which this spectrum is stable. We shall, furthermore, assume that wave operators 
exist, defined on some dense set, as 

J]±= lim e*^^e-*^°^. (1.16) 

T— >±00 

In the soluble model that we shall treat as an example in this paper, the existence of the 
wave operators is assured. 

With the help of the wave operators, we can define translation representations for 
U{t). The translation representation for Kq is defined by the property 

o(s,a|e-^^°V) = o(s-T,a|/), (1.17) 
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where a corresponds to a label for the basis of the aiixiliary space. Noting that 

KVL± = VL±Kq (1.18) 

we see that 



out 
in 



.t {s, a\e-'^^f) = out {s - T, a\f), (1.19) 
where 

out{s,a\f) = o{s,a\ny) (1.20) 

in 

It will be convenient to work in terms of the Fourier transform of the in and out 
translation representations; we shall call these the in and out speciraZ representations, i.e., 

/oo 

e-'^'outis^alf). (1.21) 
in 
-OO 

In these representations, (1.20) is 

out{a,a\f)^o{(T,a\^if) (1-22) 

in 

and (1.19) becomes 



out 
in 



{a,a\e-'^^\f) = e''"^ out{(j,a\f). (1.23) 

in 

Eq. (1.17) becomes, under Fourier transform 

o(a, a|e-^^°V) = e-'-\{a, a\f). (1.24) 
For / in the domain of Kq, (1-23) implies that 

o{a,a\Kof) = ao{<J,a\f). (1.25) 

With the solution of (1.25), and the wave operators, the in and out spectral represen- 
tations of a vector / can be constructed from (1.24). 

We are now in a position to construct the subspaccs D±, which are not given a priori 
(as they are in the classical theory^) in the Lax-Phillips quantum theory. We shall define 
Dj^ as the set of functions with support in (0, oo) in the outgoing translation representation. 
Similarly, we shall define £)_ as the set of functions with support in (— oo, 0) in the incoming 
translation representation, representation. The corresponding elements of H constitute 
the subspaccs D±. By construction, D± have the required invariance properties under the 
action of U{t). 

The outgoing spectral representation of a vector g is 



out 



{aa\g) = o{aa\Q,j^^g) = / da' '^o{aa\S\a'a')o o{a'a'\fl_^g) 

a' 

= J da''^o{aa\S\a'a')o in{o-'a'\g), 



(1.26) 



where we caU 

s = n:^^n_. (1.27) 

the quantum Lax-PhiUips S'-operator. We see that the kernel o{aa\S\a'a')o maps the 
incoming to outgoing spectral representations. Since S commutes with Kq, it follows that 

o{aa\S\a'a')o = S{a - a')S'^'^' .{a) (1.28) 

It follows from (1.16) and (1.22), in the standard way^^, that 

o(c7a|S|c7V)o = lim 6{a - a'){S'^'^' - 27rio{cra\T{a + ie)\a'a')o}, (1.29) 



where 

T(^) ^V + VG{z)V -- 

We remark that, by this construction, 5""" (cr) 
Lax-Phillips S'-matrix^ is given by the inverse 



= V + VGq{z)T{z). (1.30) 

is analytic in the upper half plane in a. The 
Fourier transform. 



5= {o(sa|S|sV)o}; (1.31) 

this operator clearly commutes with translations. 

From (1.29) it follows that the inner function property (a) of S{a) above is true. 
Property (c), unitarity for real a, is equivalent to asymptotic completeness, a property 
which is stronger than the existence of wave operators. For the relativistic Lee model, 
which we shall treat in this paper, this condition is satisfied. In the model that we shall 
study here, we shall see that there is a wide class of potentials V for which the operator 
S{a) satisfies the property (6). 

In the next section, we review briefly the structure of the relativistic Lee model^^, and 
construct explicitly the Lax-Phillips spectral representations and S'-matrix. Introducing 
aiixiliary space variables, we then characterize the properties of the finite rank Lee model 
potential which assure that the S'-matrix is an inner function, i.e., that property (b) listed 
above is satisfied. 

2. The multi-channel relativistic Lee-Friedrichs model 

The multi-channel relativistic Lee-Priedrichs model is defined in terms of bosonic quan- 
tum fields on spacetime. These fields, which emerge from the second quantization of the 
Stueckelberg covariant quantum theory^'^, evolve with an invariant evolution parameter^ r 
(which we identify here with the evolution parameter of the Lax-Phillips theory discussed 
above); at equal r, they satisfy the commutation relations (with ipj as the canonical 
conjugate field to ipf, the fields ipi, which satisfy first order evolution equations as for 
nonrelativistic Schrodinger fields, are just annihilation operators) 

[i;ir{x),i;l{x')] = S\x - x')Sij. (2.1) 
Transforming to momentum space, in which we have 
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i^irip) = j d^xe-'P'^-'^ir{x), (2.2) 

relation (2.1) becomes 

[^ir{p),^l{p')]=S\p-p')5^J. (2.3) 

The manifestly covariant spacetime structure of these fields is admissible when p are 
not a priori constrained by a sharp mass-shell relation. In the mass-shell limit (for which 
the variation in m? defined by E"^ — is small), multiplying both sides of (2.3) by = 
Am^/2£', one obtains the usual commutation relations for on shell fields, 

[V;»r(p), V'jrlP)] = '^E5\p - pO^ii, (2.4) 
where ipirip) = V^mPipirip). In this limit, t and r coincide. The generator of evolution 

K ^Kq + V (2.5) 

for which the Heisenberg picture fields are 

V'ir(p) = e^''"Vio(p)e-^^" (2.6) 
is given, in this model, as (we write = Pfj,p^, k'^ = k^k^^ in the following)* 

^0= E { / d^pS^blmip)^ J d^p^aUp)a.M} 



i=l,2 

.2 

+ 

1= 



(2.7) 



and 



y= h'p I d'k[h,{k)h\{p)aN,{p-k)ae,{k)+f:^{k)^^^^^ (2.8) 



j,i=i,2 

This model describes the process Vi Nj + 6j. Wc assume that the fields associated 
with different particles commute. The fields bi{p), aN^{p) and a^. are annihilation operators 
for the Vi,Ni and 9i particles, respectively. We take Mvi,MN. and Mq. to be the mass 
parameters for the fields^^'^^. We restrict our development to the two channel case in the 
following. The generalization to any number of channels is straightforward. 

The following operators are conserved 



* We remark that Antoniou, et al have constructed a relativistic Lee model of a 
somewhat different type; their field equation is second order in derivative with respect to 
the variable conjugate to the mass. 
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1=1,2'' 

Q2 = y" (a^^(p)aiv,(p) - a\^{p)ae^{p)) ■ (2-9) 

Q3 = y d'^p {a\^^{p)aN2{p) - a.l^{p)ae2{p)) 

This fact enables us to decompose the Fock space to sectors. We study the sector with 
Qi = 1, (^2 = 0, Qs = 0. This is identified as a sector containing either one Vi particle or 
one Nj together with one 9j particle. It follows from the conimutativity of the fields that 
the states \Vi), IV2), as well as |A^i6'i), |A^25^2)7 which exist in this sector, are orthogonal. 
In this sector the generator of evolution K can be rewritten in the form 

J d^pRP^ J d'^p {Kl + V^) 

where 



i=l,2 



{p - kf 



2M, 



+ 



- ) «k (^)'^iv, (p-fc) } 



and 



V^= J2 d''k{h,{k)h\{p)aM,{p-k)ae^{k) + rij{m^^^ 

In this form it is clear that both K and Kq have a direct integral structure. This implies 
a similar structure for the wave operator Q.± and the possibility of defining restricted 
wave operators for each value of p. We see from the expression for Kq that \Vi{p)) = 
h\{p)\Q) can be regarded as a set of discrete eigenstates of Kq (for each p) which span a 
subspace which is, therefore, annihilated by the restricted wave operators This implies 
immediately that VL±\V{p)) = for every p (an explicit demonstration of this fact is given 
in appendix A). 

In order to construct the Lax-Phillips incoming and outgoing spectral representations 
for the model presented here it is necessary, according to the discussion following equa- 
tion (1.25), to obtain appropriate expressions for the wave operators and the spectral 
representation for the generator Kq of free evolution, i.e, the solution of equation (1.25). 

We begin our discussion with a derivation of the appropriate expressions, for the 
model considered here, of the wave operators Q±. We first calculate the following matrix 
elements of 

{Vmiqm+\Nn{p),en{k)) {Nmip') , em{k')\n+\Nn{p), Onik)) 
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Equation (1.16) can be rewritten, following the standard procedure^^, in the integral form 

r+oo 

f)+ = 1 + i lim / U^{T)VUo{T)e-^^dT (2.10) 
Jo 



where U{t) = e'^^^ , Uo{t) = 6'^^°^ . Using (2.7), we have 



r+oo 

n+\Nn{pi),en{p2)) = |iVn(pi),^n(p2)) +ilim / dr 6-'^ U\r)VUo{T)a^N {p)al {k)\0) 



r+oo 

= \Nn{pi),en{p2))+ilim / dTe-'^''''r.iPi)+'^eM-ie)ru^(^^.^yJ (^)^t (j!,)|o) (2.11) 

where a;jv„ (p) = pV2Mjv„ , a;^^ (p) = pV2M0„ . Using (2.8) we find 

Va^^Jp^)alJp2m = J] /fcn(P2)6l(pi +P2)|0) (2.12) 



fc=l,2 



Inserting (2.12) into (2.11) and changing the integration variable from r to — r it follows 
that 

Q+\Nn{pi),en{p2)) = 

p — oo 

= |iV„(pi),^„(j92)) -ilim V / dTe^('^-'»(^^)+"''"(^'^)-^^)"f/(T)/fcn(p2)4(pi +P2)|0) 

(2.13) 

In order to continue with the evaluation of the integral in (2.13) we find the time evolution 
of some arbitray state x under the action of U (r) 

i^ir) = U{t)x = e-^^^x (2.14) 

In the sector of the Fock space that we are considering, the state il^ij) at any time r can 
be expanded as 

V'W=E fdSMq,T)bliq)\0)+J2 jdS f d^'k Bi{p,k,r)a^^^{p)al^{km (2.15) 

In particular, we see that the initial conditions for the evolution in (2.13), where the state 
X is taken to be Vo = Efc fkn{P2)h\{,Pi +P2)|0), are 

Ai{q,^) = fin{p2)5\q-pi -P2) Bi{p,k,0) = (2.16) 

The equations of evolution for the coefficients A{q, r) and B{p, k, r) are then obtained 
from (2.14) and (2.15), i.e., 
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.dBi{p- k,k,T) ^({p-kf ^ \ ^ ST f* n.\ a / \ 

* ^ =Bi{p- k, k, t) [ + ) + ^ fji{k)Aj{p, r) 



dr 

.dA^{p,T) p2 



2Mn, 2M, 



dr 2Mv, 



7 = 1,2"^ 



(2.17) 



These equations can be solved algebraically by performing Laplace transforms and 
defining 



/■o 

i{p,k,z)= / dre'-'''^ Bi{p,k,T) Im2; < 

^ — oo 

Ai{p,z)= I dTe^^'^Ai(p,T) Imz < 
Equations (2.17) are transformed into 



(2.18) 



Bi{p- k,k,z) ( z 



{p - kY k"' 



2Mn. 2Me. 



2^) ^iB,{p-KKQ)+Y. m)Mp,z) 



Ai{p,z){z-^—) = iAi{p,0)+ J2 f d^kfij{k)Bj{p-k,k,z) 

7=1,2 



(2.19) 



Using the initial conditions (2.16) we obtain the following expressions for the Laplace 
transformed coefficients 



1=1 



Bj(p — k,k, z) = i 



z — (p — ky 



2Mn, 2Me, 



where 



E fh{k)W^^{z,p)A,{p,Q) 

fe,i=l,2 



hj{k)fl^{k) 



J = l,2 



2MNj 2Me. 



The Laplace transform of 'iI^{t) is then 



^iz)^i J2 d\W-,\z,q)Ak{q,0)bl{q)\0) 

i,fc=l,2'^ 



(2.20) 



(2.21) 
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From (2. 13), (2. 22) and the initial conditions Eq.(2.16) we get 

n+\Nn{pi),9n{p2)) = \Nn{pi),9n{p2))+i J] W'^^Un - ie, Pi + P2) fkn{p2)bl{pi + P2)\0) 

i,k=l,2 

where we denote a;„ = un^ (Pi)+<^0n (^2)- We can now evaluate the desired matrix elements 
of the wave operator From (2.23) one fimds 



{VM\^+\Nnij>l),0n{j>2)) ^ J2 W-l{Ur,-ie,Pi+P2)fkn{P2)S\p-pi-p2) (2.24) 

k=l,2 

and 

{Nm{Pl),0m{p2)\^+\Nn{pi),0n{p2)) = SmnS'^iPl -Pl)5^{P2 - P2) 

, V- ftm'^2)W^^{uJn-ie,Pi+P2)fjn{P2) . ... 
+ 2^ -2 ^2 5^(Pl+P2-Pl-P2) (2.25) 

fcj=i,2 a;n - ^e - " 

In a similar fashion one can find the corresponding matrix elements of the wave operator 

{Vrr,{p)\n_\Nr,{pi),en{p2)) ^ J2 K + ^e, Pi + P2)/fcn(P2)5^(p - Pi - P2) (2.26) 

fc=l,2 

and 

{NmiPl),0m{p2)\^-\Nnipi),0nip2)) = SmnS'^iPl - Pl)S^{P2 - P2) 
^ Sr^ fkmiP2)Wkj'i^n + ie,Pl+P2)fjniP2) . ... 

+ 2^ ^2 ^2 S {P1+P2-P1-P2) (2.27) 

A:,i=l,2 UJn + ie- " 2A^ 

According to eq. (1.22), (1.25) the complete transformation to the incoming or out- 
going representations requires us to solve for the (improper) eigenvectors with spectrum 
{a} on (—00, +00) of Kq. The complete set of these states is decomposed into two subsets 
corresponding to the quantum numbers for states containing N and 6 particles and states 
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containing a V particle. These quantum numbers are denoted a, a (for the A'"+^ states)and 
cr, (3 {V states) respectively. For the projections into these two subspaces, we have 



\a,a)o^ J2 [ d^P [ d^k\Ni{p),9i{k)){Ni{p),ei{k)\a,a)o 



m=l 

It is convenient to define 



(2.28) 



0:';,, = (iVn(p),e.(fc)|a,a)o 
O^J^p^{Vm{p)W,(3)o 
With the help of these definitions we can rewrite (2.28) as 

\a,a)o= J2 [d'p fd'kO:^2,mp),ei{k)) 

m=l,2 

It follows from equations (1.25) and (2.30) that 

Kok,a)o= E h^^P i^Nr,{p) + i^eAk))On,p,k\^n{p),Qn{k)) = cr\a,a)o 

Ko\a,P)o= Yl fd^pu;vMO^^\Vm{p))^a\a,p)o 



(2.29) 



(2.30) 



(2.31) 



m=l,2 • 



From the orthogonality of the final state channels, it follows that we must have 

On2k = ^(^ - ^Nr. (P) - '^e„ {k))d^]lk ^2 32) 

to satisfy the kinematic conditions imposed by eq. (2.31). A more detailed analysis of the 
structure of the matrix elements (2.32) requires further knowledge regarding the nature of 
the variables a, /3. We will postpone the discussion of this point to later and remark here 
only that orthogonality and completeness requires that 



E /^^ {oZ,kyo:r^,,,,-5\p-p')5\k-k')5r^ 
E / A / d^k (O-;,)* O;;^ = 5{a - a')6^,^, 



(2.33) 
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(2.34) 



To complete the transformation to the outgoing spectral representation we have to calcu- 
late, according to eq. (1.22), the following quantities 

(Kn(p)|n+|a,/3)o (iV,(p),^„(/c)|n+|cT,/3)o 

and 

{Vm{p)\^+\(J, a)o {Nn{p), Qri{k)\^+\cr, a)o 

^From the second of equations (2.31), the discussion following eq. (2.9) and the results of 
Appendix A, it is clear that the first two transformation matrix elements are identically 
zero (since il,+ \V{p)) = 0). We obtain expressions for the second pair with the help of 
(2.24), (2.25) and (2.32). For the first matrix element in the second pair above we have 

{Vm{p)\^+\(J, a)o = 

J2 I d^Pl f d^P2{Vm{p)\^+\Nn{pi),0n{p2)){Nn{pi),en{p2)W,a)o = 



= J2 ^^P^ / ^^^2 J2 ^mki^n-ie,Pl+P2)fkn{P2)S^{p-Pl-P2)0^',p,,p,= 
n=l,2'^ k=l,2 

= E W-l{<J-ie,p) J2 j d'p2 fkn{p2)0::--p,^^^ = E W-l{a-ie,p)F^ia,p) 

fe=l,2 n=l,2"' k=l,2 

(2.35) 

where we have used (2.30) and the defininition 

FkM^ E fd'p fkn{p')0:';_^,y (2.36) 
For the second matrix element we get in similar way 

{Nm{Pl),0m{p2)\^+W,a)o = 

= E / ^Vl / C^M(iV„,(pi),^„,(p2)|n+|iVn(yi),^n(P2))(^^n(/i),^n(P2)k,«)0 = 
n=l,2'^ 

_^.,a ^ /fem(P2)^fe7(^ - ie,Pl +P2)Ff{a,p, +P2) 



Pi 

k,j=i,2 a -le- 2jg^^ 
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Following the same steps we obtain for the matrix elements of the wave operator Q_ 



{VM\n^\a,a)o^ J2 W-l{a + ie,p)F^{a,p) (2.38) 

fe=l,2 



and 



2 2 
Pi P2 



2Mn^ 2M« 



-1 



X J2 fkm{P2)W,;/{a + ie,pi+p2)F^"{a,pi+p2) (2.39) 

This completes the calculation of the Lax-Phillips wave operators providing the transforma- 
tion to the incoming and outgoing (spectral) representations. Given these transformations 
it is possible in principle to construct the subspaces D± according to the method described 
in the introduction. We can now calculate the Lax-Phillips S'-matrix mapping the incoming 
representation into the outgoing representation. If this S'-matrix satisfies the conditions 
(a),(b),(c) given in the introduction then there exist incoming and outgoing subspaces D± 
orthogonal to each other and the Lax-Phillips structure is complete. 

From eq. (1.26) we see that the Lax-Phillips S'-matrix is given by o{a',a'\S\a,a)o- 
We can calculate explicitly the Lax-Phillips ^'-matrix for the model presented here with 
the help of the following useful expression (valid in the sector of the Fock space in which 
we are working) 



J2 f d% f ^'^2 o{(j',a'\nl\NUPi),0m{p2)){Nm{pi),eUp2m-\(J,a)o (2.40) 



m=l,2 



Using the expressions obtained for the wave operators Eqs. (2.35), (2.37), (2.38), (2.39) 
and the definition (2.36) we get 

o{a',a'\S\a,a)o= Yl f E ^-1* {a' + ie,p)Ff\a' ,p)W-l{a + ie,p)F^,{a,p) 

m=l,2'' k,k' = l,2 

+Sia' - a)S^^> + \-— [ d^piY,F^'*i'^'^Pi)Wk'j'i'^ + i^,Pi)Fp{a,pi) 

a — a' + le J f-^ 

k',j' 

+ , \. / d^piJ2Fk{(^,Pi)Wj;j'\a' + ie,p,)Ff\a',pi) 
a — a + le J '-^ ■' ■' 

k,j 

, V- /■^4 /■,4 r V- fkm{p2)W^/\a' + ie,pi+p2)Ff\a',pi+p2) 



m=l,2' 



k,3,k',j'=l,2 a' + ie 2Miv^ 2Me, 
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The last term in Eq. (2.41) can be put ito a simpler form by the following manipulation 



fkm{p2)W^^\a' + ie,pi +P2)Ff\a',p^ + P2) 



a' + ie — 



P2" 



2Ma 



2Mf) 



fk'miP2)W,;,Ua + ie,pi +P2)Fp{a,pi + P2) 



a + ie 



P2^ 



2Ma 



2M. 



k,j,k',j' = l,2 

* . 



a — a' 



7 [Skk'{cr' -a)- Wkk'{(7' + ie,pi) + Wkk'{(7 + ie,pi)] 



xWkj" {a' + ie,p,)F^ {a' ,p,)W^,^,{a + ie,p^)Fp{a,pi) = 
= - I d^'pi Yl W^f{a' + ^e,p^)Ff\a',p^)W,;^{a + ^e,p^)Fp{a,p^) 

+P-^,ldSi Y Fp{a,p^)Wj;j\a' + ie,p,)Ff*{a',p,) 

^ ^ j,j' = l,2 

-P^^fd^pi Y Ff\a',p,)W-^}ia + ie,p,)Fpia,p^) (2.42) 
^ ^ j,i'=i,2 

where P stands for the principle part and we have performed a partial fraction decomposi- 
tion at the second step in (2.41) and used the definition Eq. (2.21) of Wik{z,p). Combining 
(2.42) and (2.41) we find for the Lax-Phillips S'-matrix * 



0(0- ,a \S\a, a)o = 



S{a - a') 



d{a-a') 



Saa'-2m j d^pYF^i(^.P)Wkj'*{^' + ie,p)Ff*{a',p^) 

5aa'-27ri I d^pYFf\'J,p)W-,\a + ie,p)F^{a,p) 



(2.43) 



We observe that in eq. (2.43) the quantity F°'*{a,p) can be considered, for each fixed 
value of p'^ , as a vector- valued function on the independent variable cr, taking its values in 



* In (2.42) we use a partial fraction decomposition of the denominators of the form 
(a + iei - A)~^ x (a' + ie2 - A)'^ ^ {a - a' + i{e2 - ei))"^ x {{a' + ici - A^^ - {a + 
162 - A)-^) = (P(a - a')-^ ± mSia - a')) x {{a' + iei - A)'^ - (a + zea - A)-^) = 
P{(T - a')-^ X {{a' + iei - A)'^ - {a + 162 - A)'^) 
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an auxiliary Hilbert space defined by the variables ol. We write it as (see equations (2.29) 
and (2.36)) 



Ff{a,V)^{\n,)a.vT (2.44) 

where (for a fixed value of p (|^j)(T,p)" is the a component of the vector valued function 
|nj)cr,p- With this notation we have (we supress the auxiliary Hilbert space variables a) 

S{(j) = l-27ri f d^pJ2\nj)a,pW-^\a + ie,p)^,p{nk\ (2.45) 

Further simplification of the expression given here for the S'-matrix can be achieved 
by identifying the auxiliary Hilbert space variables a. This results in an observation of the 
direct integral structure of the S'-matrix on the center of momentum P and the definition 
of the reduced S'-matrix Sp{a) for each value of P. Another important result is the fact 
that the requirement that the Lax-Phillips S'-matrix is an inner function implies that an 
analysis of its action involves a consideration of only a two dimensional subspace of the 
auxiliary Hilbert space. These simplifications in the structure of the Lax-Phillips S-matrix 
is the subject of next section. 

3. The auxiliary Hilbert space and characterization of the LgLx-Phillips 
S-matrix 

The auxiliary Hilbert space of the Lax-Phillips representation of the relativistic Lee- 
Priedrichs model aquires a complete characterization when an exact specification of the 
variables a in the transformation matrix O^'^ ^ of equation (2.29) is given. To achieve this 
goal we proceed in two steps. The first one is to define a new set of independent variables 
{n,p, k} —>■ {n, P,prei} by the following linear combination of p and k 

a. P = p + k b. Prel = ^^^-^J^ (3.1) 

These momentum space variables correspond to the following configuration space vari- 
ables 

Mn^xi + Me^X2 , 

a- ^c.m = 7J -^TT 0. Xrel = Xi - X2 

Mn„ + M0„ 

From eq. (2.32) we know that 



This implies that 



+ ^ (3.2) 



2Miv„ 2Me„ 2M„ 2//, 

where = Mjv„ + Mq^ and fj, = Mn^Mq^/^Mn^ -\- MgJ. We take a and P to be 
independent variables. In this case p'^^i is a dependent variable with a value given by 



17 



To complete the set of independent quantum numbers we have to find a complete 
set of commuting operators that commute with p^^i and P. Since p^^i is a Casimir of the 
Poincare group on the relative coordinates, we may take for the set of commuting operators 
on the relative motion, the second Casimir of the Lorentz group and L'^jLs. We denote by 
7 the full set of quantum numbers corresponding to the latter three operators. We then 
have {(7,0;} = {o", n, P, 7}. It follows from eq. (2.32) and (3.1a) that 



oz,k ^ o^'jj'' = <^(^-pV2M^„-/.V2M,j5n,5^(p-p-/c)6;:i-'^i .^^^..,„(.-p./.M.) 

(3.3) 

Inserting this into the definition of F^{a,p){= F^''^'^{a,p)), eq. (2.36) we get 



= 5\P -P)Y. I "^^Prel fkn{Me^P/Mn - Prel)SniS{a - ^ " ^)0;:£r^ (3.4) 



n=l,2 

We define the following P-dependent vector valued function 



{\nk)a,pV^'^ E /Are^/L(M,„P/M,-p.e05m5(a--^-f^)(d;£T")* (3-5) 

SO that Fj^'^'\p, a)* = S'^iP -p)(\nk)Zfp. When this form of F^{p, a) is used in eq. (2.43) 
we get 



o{a', a'\S\a, a)o = o{(t' , P', 7', i'\S\(J, P, 7, z)o = 5{a' - a)5{P' - P)Sl '^''(a) (3.6) 

where we define the reduced S'-matrix , for a specified value of the center of momentum 
4-vector P, to be 



S 



f -I 

7 1'^ ^It'^ 



l-27ri ^ \nj)a,pW-^{a + ie,P)^^p{nu\ 



1 1' ,i',J,'i 



(3.7) 



The form of Sp{a) allows for a further simplification. For each value of a the two 
vectors \nk)a,p = 1,2 span a two dimensional subspace of the auxiliary Hilbert space. 
These vectors are, in general, not orthogonal. We find the orthogonal projection onto the 
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two dimensional subspace using these non-orthogonal vectors by finding linear combina- 
tions, denoted a,p{Fi\ such that 



,p{Fi\nj)a,p = 5ij 



(3.8) 



Denoting the projection operator on the subspace spanned by |nfe)o-^p , /c = 1, 2 by P2{o', P) 
we have 



(3.9) 



i=l,2 



With this projection we construct the unit operator lo-,p on the auxiliary Hilbert space 
and write 

la,P = ila,P - P2{(r, P))+P2(^, P) 

Multiplying Sp{a) of eq. (3.7) by this unit operator from the right we obtain (here, and 
in the sequal, we suppress reference to the auxiliary Hilbert space variables 7', z, 7, i) 

Sp{a) = l-P2{a,P) 

+ \ni)a,p a,p{Fi\ - '27:i^\nj)a,pW~f}{a + ie,P)a,p{nk\ni)a,p a,p{Fi 



k,j 



= 1 - P2{a, P) + ^\nj)a,p 5ji - 27ri^W-,^^{a + ie, P)a,p{nk\ni)a,p 



,,p{Fi\ (3.10) 



We now write the Kronecker delta 5ij in the form 5ji = J2k ^jfe + PWUct + ie, P) 
and get 



Sp{a) = l-P2(a,P) + ^ \n,),,pW-^\a+ie,P) 



Wki{a+ie, P)-27ri a,p{nk\ni)a,p 



a,P\-ri 



(3.11: 



In order to proceed at this point it is necessary to evaluate explicitly the expression 
(T,p(^A;|^i)a,p- Usiug the definition Eq. (3.5) we obtain 

a,p{nk\ni)a,p = 

= E/ ^Vei J d%,i rkj{Me,P/Mj -prel)fij{M0.P/Mj -p'^^i) 



xS{a 



p2 2 

^ Prel 



2Mj 2iij 



)fUMe^P/Mj -prel)fij{M0.P/M^ -Prel) 
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= 121"'^ - - ii^)K,m,w (3.12) 

j 3 3 

We compare this result with the jump across the cut on the real axis of the complex a 
plane of Wfei(cr, P). With the help of the definition eq. (2.21) we find 



Using eq. (3. 12), (3. 13) we can write eq. (3.11) as 



Sp{a) = 1 - P2{a, P) + Y1 \^j)-,pWj~ki'^ + P)Wki{<J - ie, P)a,p{Fi\ (3.14) 

The operator valued function P2(c, P) defined in eq. (3.9) is a projection operator for 
each value of a 

P2{<7,P)P2{a,P) = P2{a,P) 

It is, therefore, a bounded positive operator on the real a axis. In order to characterize 
P2(c, P) we need several definitions and results from operator theory on positive operator 
valued functions. We give these in the appendix, where we prove that P2{o', P) is an outer 
function and that it is actually independent of a, that is 

P2(a,P)=P2,p (3.15) 

where P2,p is a projection operator on some fixed two dimensional subspace of the auxiliary 
space. This proof rests on the properties of Sp{a) as an inner function}^ We shall assume 
that the functions fij{k) are such that the operator valued function defined by Eq. (3.14) 
has the appropriate analytic properties in the upper half plane. 

In eq. (3.8) and (3.9) the vectors \ni)a,p and a,p{Fi\ may depend on a, but this de- 
pendence is such that the projection operator P2(c, P) projects on a fixed two dimensional 
subspace of the auxiliary space for each and every value of cr. Eq. (3.14) can be written 
then in the form 



Sp{a) = 1 - P2,p + 5^ \n3)a,pW-^\a + ie, P)Wki{a - ie, P)a,p{Fi\ (3.16) 

and we see that the 5'-matrix Sp{a) acts in a non trivial way only on a two dimensional 
subspace of the auxiliary space. 

We now complete the characterization of the Lax-Phillips S'-matrix Sp{a). Eq. 
(3.15) implies that the projection valued function P2{a,P) projects the Hilbert space 
L^(— oo, -|-oo; H) on the subspace L^(— oo, -|-oo; H2) of vector valued functions taking their 



20 



values in some fixed two dimensional subspace H2 of the auxiliary Hilbert space. We use 
again the notation P2,p to denote the projection P2{(7,P) as an operator valued function 
projecting on L^(— 00, +00; i?2)) that is 

P2,p : L^{-oo, +00; H) L2(-oo, +00; H2) (3.17) 

We denote by Pi-2,p the operator projecting on the subspace of functions with a range in 
H QH2. We have 

Pi-2,p : l2(-oo, +00; H) L^(-oo, +00; H Q H2) (3.18) 
It is obvious from eq. (3. 17), (3. 18) that 



L2(-oo, +00; H) = P2,pL^{-oo, +00; H) ® P/_2,pL2(-oo, +00; H) (3.19) 

In particular, if t/(r) is the operator of right translation by r units then any left translation 
invariant subspace C Hfj{Il) can be written as 

Ih = P2,pIh ® Pi-2,pIh (3-20) 

The translation U{t) commutes with the projections P2,p, Pi-2,p and, since IJj is a left 
translation invariant subspace, we have U{t)I^ C IJj. Denoting = P2^pl^ we find 

U{t)IJ,^ = U{t)P2,pIh = P2,pU{t)I^ C P2,pIh = Ih, (3.21) 

We see that if IJj is a left translation invariant subspace then I^^ = P2,pIh is a two 
dimensional invariant subspace under left translations. 

In the Lax-Phillips theory the Lax-Phillips 5'-matrix is an inner function that generates 
a left translation invariant subspace from the Hardy class iif^(n) (this corresponds to the 
stability property of 'D_). In this case we can write 

I^ = S^^HU^), (3.22) 

where S^^ is the Lax-Phillips S'-matrix. From eq. (3.16) we see that in the case of the 
two channel relativistic Lee-model we have {Sp{a) is the realization of S^^ in terms of an 
operator valued function) 

[S'^'',P2,P] = (3.23) 
From eq. (3.22), (3.23) and the definition of we find that 

Ih, = P2,pIh = P2,pS'^''H%(n) = s"^"" P2,pHl{n) = 5^^iyi,(n) 

where H'jj^ilV) = P2^pH'jj{lV). We can write this result in the form 

lH, = P2,pS'^''P2,pHl^{n) (3.24) 
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From this we see that P2,pS^^ P2,p, when it acts on the Hardy space Hjj^(Il), generates 
a two dimensional left translation invariant subspace. From eq. (3.16) we get (if A is an 
operator on a Hardy class Hjj(Il) or Hjj^{lV) then T{A) is its realization in terms of an 
operator valued function) 



T(P2,p<S^''P2,p) = S{a - a') \nj)a,pWr^\a + ie, P)Wki{<J - ie, P)a,p{Fi\ (3.25) 

According to eq. (3.24) this immediately implies that the right hand side of eq. (3.25) is 

an inner function acting on the Hardy space Hfj^{lV) consisting of vector valued functions 
taking their values in some fixed two dimensional subspace of the auxiliary Hilbert space. 
This observation allows for a complete characterization of the Lax-Phillips S'-matrix, eq. 
(3.16). Such an inner function can be represented as a product of a rational inner function 
containing the poles and zeros of Sp{a) and a factor which is an inner function with non- 
vanishing determinant^^. If the latter factor is bounded exponentially, it corresponds to a 
trivial inner factor^ and does not change the spectrum of the semigroup. In the following, 
we consider the case of a purely rational S'-matrix. 

4. The resonant states for a rational ^'-matrix 

In this section wc shall identify the resonant states of the relativistic two channel 
Lee-model in the Lax-Phillips outgoing translation representation for the case of a rational 
S'-matrix of the form 

^, , /Res,S(^i) ResS{z2)\ ^ ^ ^ 

5(cr) = l+ ^ + ^ Imzi,Im;22 < 0. (4.1) 

\ a-zi (T-Z2 J 

We also have 

S^^,^ = l+( ^''SKz^) ^ ResSHz2) \ i^^^^i^^^^o (4.2) 

\ a-Zi (7-Z2 ) 

A rational 5'-matrix of this form implies the property, as assumed in the remarks 
following Eq. (3.15), that S{o^ is an inner factor. There are simple conditions, which 
we shall discuss elsewhere, for which the converse is true, ie., that an inner function is 
rational. 

In order to identify the resonant states we obtain, in the outgoing translation repre- 
sentation, an expression for the generator of the Lax-Phillips semigroup. We then find the 
eigenfunctions of this generator. Lax and Phillips then assert that these are the resonant 
states associated with the poles of the Lax-Phillips S'-matrix. 

The Lax-Phillips semigroup is defined as Zir) = P+U{t)P-, t > 0. The generator 
of the semigroup is given by 

B = ^li^m^ (4.3) 
In the outgoing translation representation we have 
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out{s,P\B\s',P')out = i ^^i^^^Y j j 

7,7' 



out{s, PlP+lv, l)out outiv, l\U{r)\'r]', i)out outiv', l'\P-W, P')out 

out out out (ry, ^\U{0) IV, y)out outW. y\P-\s'. /3')out (4.4) 

In this representation the subspace is given by L^(— oo, +00; iif), i.e. it defined in a 
simple way by its support properties. Therefore, the operator P_|_, the projection into the 
subspace K © D- is given simply by 

out{s,P\P+\v,l)out = Q{-s)5{s - ri)5^^^> 
Furthermore, in the outgoing translation representation the evolution is just translation 

out{'n,l\U{T)\r]\i)out = 5(?7-T-?7')57,7' 

Then (4.4) becomes 

OUti^T (^\BW T (3')out = 

= 1 lim -[Q{-s)out{s-T,(3\P-\s',l3')out-Q{-s)out{s,f3\P-W.f3')out] (4.5) 

We use the fact that the subspace is given in the incoming translation represen- 
tation in terms of its support properties. This allows us to write 

P- = J2 f dv\v,l)in&{v){v,l\in^Yl I dv^-\v,l)Mv){v,l\f^l (4.6) 
In the outgoing translation representation we have 

out{s,(3\P_\s' ,(5')out = Y dr] out{s, P\Q_\r],^) fQ{r]){r],^\fQl\s' , P')out 

7 

7 

= J2f dv f{s,p\S\iin)Mv){v,l\fS^s',P')f 

7 

In this expression we would like to represent the scattering operator S and its adjoint 
in the spectral representation. Performing the appropriate Fourier transforms we get 
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—I 
4^ 



da / da' e 



,^,S^'-{a)SHa'r^' 



a - (a' 



(4.7) 



The operator valued function S{a) is analytic in the upper half of the complex a plane. Its 
adjoint S"^ (a) is analytic in the lower half plane. We assume that S{a) has the form (4.1) 
and has two poles in the upper half plane, located at zi and Z2. The poles of S^{a) are 
thus at zi and Z2. The form of S{a) and of S^{a) allows the integrals in (5.7) to performed 
by contour integration, according to the various possible signs of s and s' . The result is 
(through the rest of this section we suppress in our notation the auxiliary Hilbert space 
variables) 



X 



e'^'^Res S{zi) / da' 



out{s\P-\s')out 

S^a') ^ 



Q(s)5{s - s') + ^Q{-s) 



' +e'^^'ResS{z2) / da' 



S^a') 



zi - {a' + ie) j Z2- {a' + ie) 

Q{s)5{s - s') - iQ{-s)Q{s') p^^^es S{zi)S\zi)e-''^'' 

+e^^^*Res S{z2)S\z2)e-''^'' 



+ie(-s)e(-s') e^^i^Res S{zi){ 



,Res 5t(^i) 



-IZ\S 



Zi - Zi 



+ 



Res S^Z2) 



-rz2S 



Zl - Z2 



Res ^"'"(-i) 

1 

Z2 - Z\ 



+ 



Res S'\-2) 
— ( 

Z2 - Z2 



-IZ2S 



(4.8) 



The Lax-Phillips iS-matrix is analytic in the upper half-plane. Its analytic continuation 
into the lower half-plane is given by S{a) = (S'^(a')) , Imcr < 0. Similarily, S^a) is 
analytic in the lower half-plane and its analytic continuation to the upper half-plane is 
given by S'^{a) = {S{a))~^^ Im o" > 0. At any point in the complex plane we have 



S{a)S\a) = S\a)S{a) = 1 



(4.9) 



This relation is obtained by analytic continuation and does not imply unitarity of the 
S'-matrix off the real axis. Prom (4.2) and (4.9) we have 



^ ^ Res^t(^^) ^ ResS^{z2) 



S{a) 

a — z\ a — Z2 

In the limit as a goes to zi or to ^2 we then get 
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= 1 



S{a)ResS^{zi) 


~ Ai{a 




a ^Z\ 


S{a)ResS^{z2) 


^ A2{a 




(T ^Z2 


ResS\zi)S{a) 


~ Ai{a 




a ^Zi 


ResS\z2)Sia) 


~ ^2(0- 


-Z2) 


a ^Z2 



(4.10) 



for some fixed (i.e., independent of a) operators Ai, A2, Ai, A2. From (4.1) and (4.9) we 
have 



1- 



fRcsS{zi) ^ Res5'(2;2)^ 



\ cr — zi (y — Z2 ) 
and in the hmit as a approaches z\ or Z2 we get 



= 1 



;S^((7)Res5(2i) ~ 


-Si(a 


-^1) 


cr — > 


S\a)R%%S{z2) ~ 


-52 ((T 


-^2) 


CT ^ ^2 


Res5(2i)5^((T) ^ 


-Si (a 


-^1) 


o" ^ 2:1 


RB%S{^Z2)S\a) ~ 


-S2((7 


-^2) 


(J — >■ 2;2 



(4.11) 



With the help of equations (4.11) we find that the second term of eq. (4.8) vanishes and 
the representation of P_ in the outgoing translation representation to be 



out^S,fi\P.\s',ii')out = 6(^)5(^-^0 - ^^{-S) 

Ztt 



X 



e^^i^Res S{zi) / da' 



zi - (a' + ie) 



+ e'^^'Res S{z2) / da' 



S^a') 



Z2 - {<y' + *e) 



"1 



= e{s)5{s-s') 



+ze(-.)G(-/)[e--Res S{z,){ ^'' ^H^^) ^ Res 



z\ - Zi 



Z\ - Z2 



+e*^2*Res 5(^2) ( 



Res S^i^x\ 



-IZ\8 



+ 



Res 5t(^2) 



Z2 - Zi Z2- Z2 

Inserting (4.12) in (4.5) we get for the generator of the semigroup 



(4.12) 



out{s,(3\B\s',(3')out 



= i lim - [Q{-s)out{s - T,p\P_\s',p')out - e{-s)out{s,P\P-\s',P')out] = 

= i lim^^^^e{-s)(Q{s - t)S{s - T - s') 
+iQ{-s + t)Q{-s') e*^i(*-^>Res S{zi)Ki{s') + e'^^^^'^^Res S{z2)K2{s') ) 
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-G(-s) (q{s)S{s - s') + ie{-s)Q{-s') 



X lim — 

T-^0+ T 



= ie{-s)e{-s') 



= G(-s)e(-s') e*^i*Res S{zi)Ki{s') + Z2 e^^^^Res 5(^2)^^2(5') 
where we have denoted 



(4.13) 



, Res5t(£i) . , Res 5t(^^) 
Ai(^s ) = ^ — e H ^ — ( 



-IZ2S 



Zi - Zi 



Zl - Z2 



Z2 - Zl Z2- Z2 



(4.14) 



We show that, in the outgoing translation representation, the eigenvectors of the 
generator B of the Lax-PhiUips semigroup are 

V;i(s) = G(-s)Res 5(^l)e*^l^ ^2(5) = G(-s)Res 5(^2)6*"^^" (4.15) 

in the sense that a vector in H given by il^p{s) = Q{—s)e'^^'^^{ResS{zi))^^(f)^ or by 
i/^l3{s) = 0(—s)e*^2* (Res 5(2:2))^^ (p^ where (/> G -H", is an eigenvector of the generator of 
the semigroup. This is achieved by demostrating that these vectors satisfy the eigenvalue 
equation 



J ds'out{s, P\B\s' , P')out1p?,2i^') = ^l,2'i/'f,2('S') 



(4.16) 



We verify eq. (4.16) for 'i/'i(5)- Inserting (4.13) into (4.16) and performing the integration 
we find for the second term, containing the factor Z2, 



Res Siz2) f (5^^^e- 



Z2 - Zl 



+ Res SK_Z2) ^-,-,,s'y.,s'^^^ s^^^^ 

Z2- Z2 



Z2 - Zl 



Z2 — Zl Zl — Zl Z2 — Z2 Z2 — Zi 

Res S{z2) {S\z2) - S\zi)) Res S{zi) = 
and for the first term containing the factor zi 



(4.17) 



Res5(.0 1' (5^^^e--^' + ?^^^e--Oe'"^'Res 5(.i) = 



Zl - Zl 



Zl - Z2 



— zRes S{zi) 



/Res S^{zi) Res ^+(^2) 



Zl - ZiY {Zi - Z2)^ 
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Res S{zi) 



iRes S{zi)^^l^ ResS{zi) (4.18) 

d(7 a=zi 

In order to simplify this last expression we need two identities, the first of which is obtained 
by exploiting the unitarity of S{a) for real a. Taking the derivative d/da{S^ {a)S{a)) we 
can write 

^ = _^t(,)^^t(,) (4.19) 
da da 

The second identity is obtained with the help of equation (5.1) 

Res S{zi) = S{a)S\a)Res S{zi) =(l- ^""^ ^^^^^ - ^^^11112^] ^t(^)Kes S{zi) 

\ a - zi cr - Z2 J 

From this identity and eq. (4.10) we get, for small values of |a" — ^i| 

Res S{zi)S^a)Res S{zi) ~ -Res S{zi){a - zi) (4.20) 
When eq. (4.19) and (4.20) are used in (4.18) we get 

zRes S{zi)^^^ Res S{zi) = {-i) lim Res S{zi)S\a)^^j^S\a)Res S{zi) = 



da 



a=Zi cr— >Zi 



da 



= -i lim Res S{zi)S\a) f + R^s5(^\ ^t(^)Kes S{z,) = 

<j^zi \{a-ziy [a - Z2Y J 

-i lim ^-T-Res 5(^i)5t(cT)Res 5(^i)5t(cT)Res S(zi) = -iRes ^(^1) (4.21) 

cr^zi (cr — 2:1)^ 

Making use of the results (4.21), (4.17) it is easy to verify Eq. (4.16) for ipii^)- A similar 
calculation shows that iJj2{s) also satisfies Eq. (4.16). 

A rational Lax-Phillips 5'-matrix is a rational, operator valued inner function. Such 
an operator can be written as^^ 

Si-) = (4-22) 
^ ^ a-ziPi a- Z2P2 ^ ' 

where Pi = |ni)(ni| and P2 — \fi'2){n2\ are projectors on one dimensional subspaces of 
the auxiliary Hilbert space (we take \n\) and \n2) to be normalized and that, in general, 
P1P2 7^ 0). This S'-matrix can be rewritten in a form corresponding to Eq. (4.1) as 



S(.) = 1 + ^ - ^OA^i^] + ^ [^^^(.. - z.)P.\ (4.23) 

a - zx^ zi- Z2P2 a - Z2 Z2- ziPi 

From Eq. (4.23) we we identify the two residues 
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Res S{zi) = -^i)Pi(l + £^^P2) 

^1 " ^2 (4.24) 

Res 5(^2) = (1 + ^^—^Pl){z2 - Z2)P2 
Z2 — Zl 

Inserting in (4.24) the expressions for Pi and P2 in terms of |ni) and \n2) we find 



ResS'(2;i) = (zi - 2;i)|ni) ((ni| + — ^(ni|n2)(n2|) 

Zl — Z2 



Z2 - Z2 

[ni\n2)[n2\) 

(4.25) 



ResS'(2;2) = (|n2) H \ni) {ni\n2)) {z2 -^2)(n2| 

Z2 - Zl 

The eigenvectors of the generator B of the semigroup, which we denote by |xi) and 1x2)5 
can now be imediately identified, in hght of the remarks foUowing Eq. (4.15), from Eq. 
(4.25). 



IZlS 



\Xi) = e{-s){zi - zi)\ni)e 
1X2) = Q{-s)(\n2) + — —\ni){ni\n2))e 

Z2 - Zl 



IZ2S 



(4.26) 



Once the residues of the (S-matrix and the eigenvectors |xi) i\xi) are given exphcitely in 
Eq. (4.25) and (4.26) we can insert these expressions into Eq. (4.13) to achieve an exphcit 
expression for the generator B of the semigroup. We find that 



B = zi\xi){xi\^Z2\x2){X2\ (4.27) 



where {xi\Xj) = ^ij and 



(4.28) 



(Xi| = ai(xi| + ^i(X2| 
(X2I = a2(xi| + ^2(X2| 
with the coefficients ai, 61, 02, 62 given by 

1/ I \|2(^l -^2)(^2 - ^2) . T 

ai = l(ni|n2)| h 1 

Zl - Z2 

Z2- Z2 I I > 

zi-Z2^ ^ ' (4.29) 

^2 - ^2 , I V 

02 = = —{n2\ni) 

Z2 - Zl 
b2 = Z2- Z2 

Eq. (4.27) has the diagonahzed form of the Lee- Oehme- Yang- Wu phenomenofogical 
Hamiltonian in the subspace of the two resonance channel containing, in this case, the 
K'^ and K (or Ks, Kl) states. One sees from Eqs. (3.12) and (3.13) that the jump 
function containing the essential parameters of the S'-matrix in this subspace contain the 
matrix elements {fij} of the perturbation. These transition matrix elements coincide in 
form with the quantities calculated in quantum field theoretical models for the vertex for 



28 



neutral K meson decay. The theory that we have given here explains how the neutral K 
meson corresponds to a state in the quantum mechanical Hilbert space (even though it 
is relatively short-lived) with an exact semigroup decay law, as seen to high accuracy in 
experiment^^. 

5. Discussion and Conclusions 

We have shown that the quantum mechanical formulation of Lax-Phillips theory for 
the description of resonances and decay^ can be generalized to a system with a finite 
discrete set of resonances. If this set of resonances spans the unstable system subspace, 
the most general form of the S'-matrix is that of a rational inner function^^, treated in 
detail in Section 4 for the two-dimensional case. 

The eigenstates corresponding to the poles of the S matrix are well-defined vectors in 
the full Hilbert space H, and the left and right eigenvectors are orthogonal with respect 
to the scalar product of H. They span a two-dimensional subspace of H; the 5'-matrix 
acts non-trivially on a two dimensional subspace of the auxiliary space H for each value 
of the foliation parameter a (independently of a). This corresponds to an ideal form of 
"resonance dominance." 

The relation between the eigenvectors of the generator of the semigroup in the space 
H and the vectors spanning the two-dimensional subspace of H is very simple (see Eq. 
(4.15)). We are therefore able to construct a model completely within the two dimensional 
subspace, containing an effective non-Hermitian generator of the semigroup, and a set 
of vectors in a two dimensional space with scalar products taking the same value as the 
corresponding vectors in the full space. This two dimensional (in general, A^-dimensional) 
space and the generator of the semigroup acting on it coincides with the Lee-Oehme-Yang- 
Wu model. Moreover, as we have seen in the simple Lee model which we have studied here, 
the matrix elements of the model Hamiltonian are related to the perturbation formally in 
the same way as in the framework of the Wigner-Weisskopf model. 

Appendix A. 

We show that Q±\Vi{p)) — applying the methods used in section 2. The procedure 
is explicitly performed for Q^\Vi(j))) — 0. The result for 0._\Vi{p)) = is obtained in a 
similar way. 

We start with the integral representation of the wave operator (see eq. (2.10)) 




(Al) 



applying this operator to \Vi{p)) we get 





{A.2) 
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Where cuviip) — P^/2Mv.. As in section 2, we want to evaluate the time evolution in 
the integral and perform a Laplace transform. The result of the action of the potential 
operator, given in eq. (2.8) to \Vi{p)), is 



V\Vm - Vbl{p)\0) ^ d'kf:^{k)a^^^{p-k)al^{k)\0) 



(A.3) 



A general form of a state in the sector of the Fock space with Qi = 1,Q2 = is given in 
eq. (2.20). From eq. (A. 3) we find, at time r = 0, 



Aj{q, 0) = Bj{p, k, 0) = f*{k)6\p-p- k) 



{AA) 



Defining the Laplace transformed coefficients Aj{q,z) and Bj{p,k,z) as in eq. (2.18), we 
use eq. (2.19) and the fact that in eq. (A. 4) Aj{q, 0) = to obtain 



Mp,z){z-^)= J2 fdHfi,{k)B,ip-k,k,z) 



Bi{p-k,k, z){z - -^)=iBi{p-k,k,0)+ f;iik)Mp, z) 



2Mni 2Mg, 
Solving for Ai{p, z) we get 



i=i,2 



(A.5) 



Ai{j>,z)^iYw-,\z,p)Y [d'k^ 

i=l,2 7=1,2"' ^ 



,4,^ fij B,{p-k,k,0) 

2MjV( 2Msj 



Blip - k,k,z) = [z - 



ip - kf k"" 



2Mm, 2Me^ 



iBiip-k,k,0)+ J2 fjlik)MP,^) 

J=l,2 



Inserting the initial condition for Bi{p — k, k, 0) from eq. (A. 4) in eq. (A. 6) we have 



(A.6) 



Ai{p,z) = i 



5^{p-p) 



Bi{p- k,k,z) = [z- 



{p - kf /c^ 
2Mjv, 2Mfl 



P \ r4 



2Mv- 



5\p-p) 
{A.7) 

Performing the Laplace transform of eq. (2.15) implied by eq. (A. 2), we use the 
coefficients from eq. (A.7) and evaluate the resulting expression at the point z = (p) — 
ie = p^/2Mvi — ie. This procedure gives the simple answer 



lim / dTU{T)Ve'^'^''^^P^-''hl{p)\0) = -ibl{p)\0) = -i\Vi{p)) 
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{A.8) 



and this implies the desired result. 
Appendix B. 

We prove here that the value taken by the projection valued function P2,p{<y) is 
actually a projection operator, for all values of a, on a fixed two dimensional subspace 
of the auxiliary Hilbert space of the Lax-Phillips representation of the relativistic Lee- 
Friedrichs model, this projection operator is denoted P2,p, i.e., we prove that 

P2A<^) = P2,P 

We start with the observation made at the begining of section 4 (see Eq. (4.1) and the 
discussion following it) that the operator valued function P2,p{(^), defined in eq. (3.14), is 
a projection operator for each value of a 

PnA<^)PnA<^) = PnA(^) {B .1) 

It is, therefore, a bounded positive operator on the real a axis. 

In order to proceed we need several definitions and results from the theory of operator 
valued functions. We denote the upper half plane of the complex a plane by H. If h is 
some separable Hilbert space, we denote by B{h) the set of bounded linear operators on h. 
We define the following sets of B{h) valued functions^^ 

Definition A: 

(i) A holomorphic B{h) valued function /(cr) on 11 is of bounded type on 11 if 
^og^\f{cF)\]s{p-) has a harmonic majorant on 11. The class of all such functions is 
denoted A^B(b)(n). 

(ii) If (j) is any strongly convex function, then by ?i<^^B(6)(n) we mean the class of all holo- 
morphic B{h) valued functions /(cr) on 11 such that (l){log^\f{z)\B{h)) has a harmonic 
majorant on 11. 

(iii) We define A^^^^^(n) = IJ TY^ ,g(^) (11), where the union is over all strongly convex func- 
tions <j). 

(iv) By if^j^(n) we mean the set of all bounded holomorphic B{h) valued functions on 11. 
Here log^t = m.Qx.{logt, 0) for t > and ZogrO = — oo. The sets A^b(6) ^■nd A^g^^-j are 

called Nevanlinna classes and 7^0,^(6) (H) is a Hardy-Orlicz class. 
We will need the following theorems and definitions: 

Theorem A: The following 

iy^,)(H) C 7i^,H(6)(n) C iV+,)(H) C iVs(,)(n) 

is a valid sequence. 

Definition B: Let u,v be nonzero scalar valued functions in N'^{R) {N'^{R) is the 
boundary function for a scalar Nevanlinna class function). A B(6)-valued function F on R 
is of class M{ui,Vi) if uF,vF* e Ar+^^(i?). 

Definition C: If ^ e H^(b)i^) ^h^^" 
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(i) A is an inner function if the operator 

T[A):f^Af, feHl(Il) 

is a partial isometry on iy^(n); 

(ii) A is an outer function if 

for some subspace M of b. 

The main theorem which we will apply here is the following: 

Theorem B: Let v be any nonzero scalar function in N'^(R). If F is any nonnegative 
B{b)-valued function of class M.{v,v) on R then 

F = G*G 

on R, where G is an outer function of class M.{l,v) on R. The factorization of F is 
essentially unique. 

As we have remarked above, we have assumed that the functions fij{k) of the Lee 
model are such that Sp{a) is an inner function. Since Pn,p{o') is a bounded operator then, 
from definition A(iv), the relation (3.14) and Theorem A, we see that 

Pn,p(^)eiv+^)(n). 

where H is the auxiliary Hilbert space of the Lax-Phillips representation of the relativistic 
Lee-Friedrichs model, defined by the variables 7 in eq. (3.3) (or eq. (3. 5), (3. 6) ). Further- 
more, the projection operator P2,p(c) satisfies (P2,p(c))* = -P2,p(c) and, from definition 
B we immediately have 

P2,p(a) G A^(l,l) 

We can apply theorem B with the result that there is a unique decomposition of P2,p{o') 

P^p(a) = G*G = {P2A^)yP-2A^) = P2A^)P2A^) 

and that G = P2,p{cr) is an outer function. We denote by P the operator on Hfj{Il) for 
which the realization is the operator valued function P2,p{cr)- From definition C(ii) we 
therefore have 

{[jPf--f^Hlj{U)] = Hl{U) {B.2) 

where M is a subspace of the auxiliary Hilbert space H. 

Now -P2,p(c) is a projection operator for each value of a. We have that the range of 
-P2,p(c") is a two dimensional subspace of the auxiliary Hilbert space H for each a. We 
denote M{a) = ImP2,p(c). Define 

M = ^M(ct) 
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For each vector valued function / G Hjj(]l) we have 

i"2,p(a)/(a) G M. (S.3) 

Furthermore, there is no subspace of M that has the property (B.3). Since {Pf){a) = 
P2,p{cr)f{(T) G M for / G Hjj{U) we must have 

[\JPf:feHj,{U)}=Hl{U) (BA) 

We conclude that M must be a two dimensional subspace of the auxiliary Hilbert space 
H. If it has a higher dimension we consider two different values of a, say a — ao and 
a — ai ^ (To, such that P2,p(c"i) 7^ P2,p{o'q)- We then take a vector vq G P2,p[ctq)H , vq G 
{P2^p{(7i)H)^ ,a scalar valued Hardy class function g{a) G -ff^(n) and construct the vector 
valued function j{a) = g{cr)vo . Clearly, j G H'^ijl) (where we denote by j the vector 
valued function taking the value j{a) at the point a) but j ^ {UP/: / G Hjj{Il)}, since for 
any / G Hjj{Il) we have j(cri) = g{ai)vo ± {Pf){ai) = -P2,p(o"i)/(o"i)- Therefore we have 

{P/:/Gif|,(n)}cifJ^(n) (5.4) 

and we have a contradiction with eq. (B.3). 

Since DimM = 2 we must have P2,p(c") = -P2,p(c"') for arbitrary a and a' and we 
may write 

where P2,p is a projection operator on some fixed (independent of a) two dimensional 
subspace of H, which is the desired result. 
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